Assignment 2 Thomas Adam, Stephan Brumme, Haik Lorenz May 16", 2003
8™ semester, 135071, 702544, 702527

Problem 1

For t 0 R* be X, arandom variable having normal distribution with mean 4 =0 and variance o =1
(this is written as X, ~ N(O,l)) and furthermore all X, are independent. We define the stochastic process
(Yt )tDRZO by: Y, =t+X,.

a s (Yt )tDRzo stationary ?

b. Has (Yt) o independent increments ?

tOR®

c. Has (Yt) o Stationary increments ?

tOR®

d. Find E[Y,] and Var[Y,].

The definition of the term “stationary” requiresttihe distribution fulfills the condition:

FY(tl),...,Y(tn)(Xi""’xn) = Fys)y(t,+s) (%0-%,)

forall N[N, sR. For n =1 the expression becomes even more handy:

FY(tl) (X) = FY(t1+s) (X)

If (Yt )tDRzo is stationary then it should be true that:

Py, < x| =Y., < %]
PIX, +t<x]=PfX,,, +t+s< ¥
PI{N(02)< x-t] = P{N(02) < x -t - ]

Unfortunately, the last line offers a contradictidimerefore we proved th@{t )tDRgo is not stationary.

For independent increments the random variat)(e(i;l) - X(to) , X(tz) - X(tl), X(tn ) - X(tn_l) are
independent for alNnJN andt, T (under the assumption that 4]l are in ascending order which means
t, <t, <...<t <t,).

The first step is:

Y, . Y,

to+s t

0:X
=X

+t, +5=(X, +t,)
+s- X,

to+s

to+s
For any subsequent increment:

Y,

totstr _Yr0+r = Xto+s+r +t0 tS+r - (Xto +t0 + r)

= Xyes T8 X,

to+s

Performance Evaluation Techniques 1
summer term 2003



Assignment 2 Thomas Adam, Stephan Brumme, Haik Lorenz

th
May 16, 2003
8™ semester, 135071, 702544, 702527

It was stated that allX, are independent. Therefore, all incrememtg — X,, X; — X,, etc. have to be

independent, too. Becausg is a constant value it does not influence any dépecy and thusY, —Y,,

Y, —Y,, etc. are independent as well. That result leadke conclusion tha(Yt )tDRzo has independent incre-
ments.

Stationary increments need to accomplish:

st

Y(tz + S) _Y(tl + S):Y(tz)_Y(tl)

ReplacingY, by X, yields:

Y(t, +s)-Y(t, +5)

iN(t2 +s,1)- N(t, +5,1)
(t2 t,,72 )
IN(t,.1)- N,

:Y(tz) _Y(tl)

Hereby we have show(1Yt )tDRzo produces stationary increments.

The expectation value is given tE([Yt] = E[Xt +t] =EX,+t=0+t=t (remember:X, ~ N(O,l))
FurthermoreVar [Yt] =1
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Problem 2

Be (N(t))tDRgo a Poisson Process with rate A . We are given that one arrival occurred in the interval (O,t]
(hence N (t) =1) but we do not know when this arrival happened. Let Y denote the random variable of the
first arrival time, the range of Y is (O,t]. Show that Y has a uniform distribution (hence, its distribution

function is given by F(y) = PI’[Y < y] = ?y). Hint: compute PI’[Y < y|N(t) = 1].

An interesting property of the Poisson process is:

Pl{N(t):k]:()l[ﬂl)(#

The law of conditional probabilities gives:

o= i) =)= PO
_PNE) =1 PN - y)=0]

PIN(t) =1

Applying the formula developed above gives:

e Ay e -y)

e At
e’ Dye ™ &V
B e ™ (At
-y
t

In conclusion, we showed that N(t) =1 occurs in the interva(O,t] thenY is uniformly distributed.

Performance Evaluation Techniques 3
summer term 2003



Assignment 2 Thomas Adam, Stephan Brumme, Haik Lorenz May 16", 2003
8™ semester, 135071, 702544, 702527

Problem 3
Be (N(t))tDRgo a Poisson Process with rate A, and Y a continuous non-negative random variable

independent of (N(t))tDRzo with density function f (y)

a. Show that GN(Y)(Z) = ElZN(Y)] can be expressed as GN(Y)(Z) = MY(—/l [ﬂl— Z)) i.e the z-

Transform of N(Y) can be expressed in terms of the moment generating function for Y . Hint: law
of total probability for continuous random variables.

b. Use Gy(2) tofind E[N(Y)] and Var[N(Y)].

Obviously:
GN(Y) (Z) = E[ZN(Y)]

= i 2" PPIN(Y) = n
n=0
That can be expressed as:

5.2 PN(Y) =nl= 32 ofPAN(Y) =y =] (r)ar

00

Z:(; DjPl{N =n|F (r)dr

/lr AT)

n=0 n'
b o b
Because ofj.z fn(x)dx = Z J.fn (X)dx

a n=0 n=0 5
oo°°n -AT Ar)n _wm_r n/‘T)n
;}6[2 e~ . Df(r)dr—éfn;e” 2" O~ f (r)dr

=Tr@)e 5 A g
0 n=0 n!
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n

According to Taylor’'s observations the followinglths: Z— = e*. Hence, we get:
- N
n=0

J'f (T) |]3_/” (ZA r @-Ar GEZ/‘ dr

0 nO

f r Eda‘”[(l dr

r=[rl
0
¥ @Ar 1+z
J1o
I
0

M, (-A0-2))

The computation of the expectation vaIEeEN(Y)] = G}\,(Y)(l) yields:
0 ] ~ /1 Z_)n
=Y z"Oje’” Of (r)dz |
LZ::} 5[ n! ( ) ]
The first derivation of a sum leads to:

(i z“j': i nE"
n=0 n=1

Using that formula gives:

(Zﬁ qg“ m()m}—})mwﬂq e dAT) CF (r)d7

n!
[n A T) Qn—lj d
n=1 n!

e g o

-1=0

1

Oe_38 o._s [ST—]
)
N
~
——~
'\'
N

e f(r)Ar @' dr

That integral can be used to determine the expenctaalue:

E[N(Y)] =Gy (1)

je‘” D’lr[é”Eﬂ dr

= jAer(r)dr:)lC].er(r)dr
:;Eh] O
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The next step, calculatin\g{ar[N(Y) , involves the utilization of:

2

Var[N(Y)] = Gy (1) + Gy (@) - (G}u(v) (1))

Again, some derivations have to be done:

bgsbls
= gn [fn-1)z"2

We find:

. ) ° (Arz)"?
= Te tar) Df(r)Dn;();d((n_)z)!

Var[N(Y)] = Gy (1) + Gy (1) - (G;\I(Y) (1))2
= D]'(A r)? Of (r)dr+mj)l r ¥ (7) dr—ﬁA rf(r)dr

00

:AZO]TZ f (r)dr+)l°]er(r) dr—(Afer (r) dr]2

= PE[Y?]+ AE[Y] - (AE[Y])* |
= Je[y]+ 22 (e[v?] - (E[v]?)
= JE[Y]+ AVar[Y]
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Problem 4

Sometimes one is interested in making predictions, e.g. we know that a file transfer already took t time units,
what is the probability that it takes another d > O time units ? A random variable X is called heavy-tailed,

when PI{X >t] ~t (t - 00) for 0<a < 2. Afunction f(X) behaves asymptotically as g(X),vvritten

as f(X) ~ g(X), if there existssome CLJ R, C # O such that [im % =C holds, g(x) # 0 required.

a.  Show that the exponential distribution with parameter A is not heavy-tailed.

b. Compute 1im PI’[X >t+ d|X > t] for the exponential distribution.

c. Compute lim Pr{X >t+ d|X > t] for the heavy-tailed distribution.
to oo

d. Compare and interpret the results

In many studies it has been found that the distribution of file sizes in a UNIX file system and the document
sizes of a web server are heavy-tailed.

The exponential distribution is determined by:

t
PlExp(A)<t]= [A e dx
0
=1-e™
Because ofPr[X < X] =1- PI’[X > X]:

PlExp(1)>t] =1-(1-e*)

— e—/]x
If f (X) ~ g(X) we have to find soméim % = where f (X) =e"* and g(X) =X
X - 00
-At ) ta
im = im &
ta'
=lim

since @ is fixed. As a result, there does not exist sob® O and hence the exponential distributed is not
heavy-tailed, too.
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A very handy property of the exponential distribuati its memorylessness, allows us to determingitbba-
bility in just three lines:

lim PlExp(A) >t +d|Exp(4) > t] = lim P{Exp(4) > d]
= P{Exp(1) > d]

- e—Ad

For the heavy-tailed distribution:

P{X >t+d,X >]
Pl{x >t]

_pm PIX >t+d]

e PIX >t]

lim Px >t+d|X >t]:!im

We did not have the time to translate our conchssie there are still written in German:

Fir die Exponentialverteilung nimmt die Wahrschelnikeit dafiir, dass ein Ubertragungsvorgang nook ei
Zeitspanned anhalt, unabhangig vom betrachteten Zeitpunkt,rerith der Ubertragung exponentiell mit der

Lange der Zeitspanne ab. Damit wird eine kurzespeitned favorisiert, unabhdngig von der schon ver-
strichenen Zeit. Das bedeutet, dass das Ende d&tréipung immer hochstwahrscheinlich nahe ist.

Fur eine heavy-tailed-Verteilung ist die Wahrschielkeit dafir, dass ein Ubertragungsvorgang anhalt
immer nahe Eins, unabhangig vom betrachteten Zeitpund der Lange des Zeitfensters. Somit wird gorh
gesagt, dass die Ubertragung immer weiter andaundrtlas Ende der Ubertragung eher unwahrscheistich

- Kurze Dateillbertragungen lassen sich recht gutderitExponentialverteilung beschreiben, lange Datei
Ubertragungen entsprechen dagegen eher einer tadrerteilung.
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Problem 5 (bonus)

The distribution and density of a random variable X with Pareto distribution are given by:

F(x)=P{X < x] :1—(30
f(X)=ak’ x**"

fora>0,k>0and X=Kk.For 0<a <2 thePareto distribution is heavy-tailed. Be X such a Pareto
random variable with parameters @ =1, K =1. Furthermore, be Y an exponential random variable with
parameter A =1. Plot both PI{X > X] and PI{Y > X] for 1< X <100 using a doubly-logarithmic scale.

5. Ade2 S5e2 Ade3
Jde—14 Pareto distributic
¥
Jde—2 4
de-34 Expcnential distributio
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